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The samples of student work included in this packet represent a broad range of both writing and
problem solving skills.  We’re focusing on Strategy in this case, so you’ll see the score we’d give each
student in that category.  We also include comments that suggest what might be a good next step for
that student to work on in terms of making progress on the problem or improving their solution.  Your
students might enjoy and benefit from seeing examples of what other students have done once
they’ve completed their own work on the problem.

Many students are in the habit of choosing as many variables as they need to represent the quantities
in a problem rather than trying to use given relationships between those quantities to express them in
terms of a single variable.  For example, if they are told that two numbers sum to 10 they prefer calling
the numbers x and y and writing x + y = 10 to calling the numbers x and 10 - x.  Often that just means
more substituting as they work through the problem.

In this case, though, it led to an erroneous statement.  Students chose to call the consecutive integers
x and y, then represented Alvin’s Theorem as x2 - y2 = x + y.  Clearly this is not true unless it’s
accompanied by a second equation stating that x = y + 1 or y = x - 1, but many students did not
include that second constraint.  The math is much easier if they choose x and x + 1 or x - 1 and x as
the two consecutive integers.

Another common mistake was assuming that just showing one more specific example was sufficient to
prove Alvin’s Theorem.  Other students wrote a correct algebraic statement of the theorem, but then
“proved” it by substituting a specific value in for x rather than simplifying.

We’re excited about providing these resources to you and hope you find them useful.  We’d love to get
feedback and ideas from you on the algpow-teachers discussion group.

— Riz

Alvin’s Theorem
Ms. Powers asked her class to look at a list of square numbers and see if they could find any
interesting patterns. After a few minutes, Alvin raised his hand and said, “Ms. Powers, I think I've found
something cool. If I take two consecutive squares and subtract them, the difference is always the sum
of two consecutive integers.”

“Show the class what you mean by that, Alvin,” said the teacher.

Alvin wrote the following on the board:

Turning to the class, he said, “I call this ‘Alvin's Theorem.’”

Ms. Powers smiled and said, “Very good, but if you want to call it a theorem, you must be able to
prove that it’s true for every possible pair of consecutive square numbers. Can you do that using
algebra?”

Alvin worked for a while and then said, “Yes, I can do that, too. Here's how.”

What might Alvin have written on the board next?

Common
Mistakes
right here!

Good luck!

Problem

Sample
Solutions

page 6
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Extra: Later, Alvin found a similar pattern for the difference of every other square, such as 49 - 25 or
64 - 36. What pattern involving a sum do you think he discovered this time?

One way to solve this problem is to express the difference of consecutive square numbers in terms of
a variable, and then show that expression can be simplified to an expression that represents the sum
of consecutive integers.

If your answer doesn't seem similar to ours, think about these things:

    * Did you remember to use variables and not just specific examples like the ones Alvin originally
      wrote on the board?
    * Did you check your variables and expressions to make sure they accurately represent the
      information given in the problem?
    * If you call the first square number x2, what would the next square number be?

If any of those ideas help you, you might revise your answer, and then leave a comment that tells us
what you did. If you're still stuck, leave a comment that tells us where you think you need help.

If your answer does seem similar to ours,

    * have you clearly shown and explained the work you did?
    * did you make any mistakes along the way? If so, how did you find and fix them?
    * are there any hints that you would give another student?
    * did you try the Extra?

Revise your work if you have any ideas to add. Otherwise leave us a comment that tells us how you
think you did - you might answer one or more of the questions above.

Let's start by labeling our two square numbers using a variable:

         x^2    = smaller or first square number
    (x + 1)^2 = larger or second square number

We're interested in exploring the difference between those square numbers, which can be written as:

    (x + 1)^2 - (x)^2

There are at least two possible solution paths from here. One is to expand the binomial and simplify
the resulting expression:

        (x + 1)^2   - (x)^2
    x^2 + 2x + 1 - x^2
           2x + 1

Re-writing the last line shows that the difference can in fact be written as the sum of consecutive
integers:

        2x + 1
      x + x + 1
    (x) + (x + 1)

A second possible solution path is to factor the original difference expression as a difference of
squares where a2 - b2 = (a + b)(a - b):

    (x + 1)^2 - (x)^2
    (x + 1 + x)(x + 1 - x)
    (x + 1 + x)( 1 )
    (x + 1 + x)
    (x) + (x + 1)

Answer Check

Our Solution
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It's interesting to note that in this case both the consecutive integers at the end and the square
numbers at the beginning are expressed by (x) and (x + 1). That may actually prove helpful to some
kids as they work on this problem, but it's relatively coincidental - for example, that pattern does not
hold in the Extra question.

Some students will notice that the same consecutive integers work on both sides of Alvin's examples,
and will choose to approach the problem using that relationship, starting with:

    (x + 1)^2 - (x)^2 = (x) + (x + 1)    or    (x)^2 - (x + 1)^2 = (x - 1) + (x)

This approach should be treated as an identity, and students should work to show that the two sides
of the equation are identical. They must state that they have shown an identity and conclude that
therefore it is true for any value of x.

Extra: Starting the same way as in the problem, but using every other square number:

        x^2      = smaller or first square number
     (x + 2)^2 = larger or second square number

Again, the difference expression can be expanded or factored:

      (x + 2)^2   - (x)^2              (x + 2)^2 - (x)^2
  x^2 + 4x + 4 - x^2               (x + 2 + x)(x + 2 - x)
        4x + 4                                 (2x + 2)( 2 )
                                                      4x + 4

Keep in mind that the question specifically asked for a relationship involving a sum. Thus, re-writing
the last step as 4(x + 1) and stating that the difference is equal to 4 times the number between the two
numbers being squared, while correct, is not the desired answer. Our hope is that students will decide
that the difference can be written as the sum of consecutive odd integers:

         4x + 4
   (2x + 1) + (2x + 3)

Students might find other possible sum expressions, such as doubling the sum of the original
numbers:

   2[(x) + (x + 2)]
   2(2x + 2)
   4x + 4

If the expression involves a sum, it meets the condition of the problem, but students should be
encouraged to revise and think about a nice simple sum involving some sort of consecutive integers.
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