More Neat Stuff

Some Counting Problems

1. Find all solutions of each of the following congruences:

a. 7 =z (mod 3);
b. 22 =z (mod 5);
c. 2 =12 (mod 7);
d. 22 =z (mod 15);
e. 7?2 =z (mod 105);
f. 22 =z (mod 25);
g. 2> =1z (mod 75).

How many solutions are there in each case? Without
actually finding all the solutions, can you say how many
solutions there will be modulo 10017 modulo 5257 modulo
m, where m =2-3-5-121-17-197

. For each of the following find all integers z € Z that

satisfy both congruences simultaneously:
a. =1 (mod 3), =0 (mod 5).
b. =0 (mod 3), z=1 (mod 5).

. For each of the following find all integers = € Z that

satisfy both congruences simultaneously:
a. =2 (mod 3), =0 (mod 5).
b. =2 (mod 3), x =3 (mod b).

. For each of the following find all integers = € Z that

satisfy all three congruences simultaneously:
a. =1 (mod 3), =0 (mod5), =0 (mod 7).
b. =0 (mod 3), =1 (mod5), =0 (mod 7).
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c. =0 (mod 3), =0 (mod5), z=1 (mod7).

5. For each of the following find all integers x € Z that
satisfy all three congruences simultaneously:

a. =2 (mod 3), z=0 (modb), =0 (mod7).
b. =2 (mod 3), =3 (mod5), =0 (mod 7).
c. =2 (mod 3), =3 (mod5), =4 (mod 7).

6. In each case, how many solutions =,y (mod m) are there
of the given congruence for m = 5,13,65,7,917

r+y=0 (mod m);

z-y=1 (mod m);

22 —y?> =1 (mod m);

x-y =0 (mod m);

2?2 — 3> =0 (mod m).

2?2 —4y* = 0 (mod m).

g. 22 +9?> =0 (mod m).

-0 0 TP

7. In each case, how many solutions z,y (mod m) are there
of the congruence

> —y*=0 (mod m)

for m = 3,5,7,11,13,17,19, 237 How many solutions do
you think there will be for m = 377 for m = 597 for
m = 157 for m = 657

8. In each case, how many solutions =,y (mod m) are there
of the congruence

2 +y*=0 (mod m)

for m = 3,5,7,11,13,17,19, 237 How many solutions do
you think there will be for m = 377 for m = 597 for
m = 157 for m = 657

9. Say whether or not each of the following functions is
multiplicative.

a. f(m) := the number of x (mod m) for which 2% = x
(mod m);

b. gi(m) := the number of z,y (mod m) for which
z-y=1 (mod m);

c. go(m) := the number of x,y (mod m) for which
22 —y?> =1 (mod m);
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d. hy(m) := the number of z,y (mod m) for which
22 — 9> =0 (mod m);

e. ha(m) := the number of z,y (mod m) for which
22+ y?> =0 (mod m);

In each case, can you give a formula for the given func-

tion?

Miscellaneous problems that continue the themes

10. Suppose g is a multiplicative function and f is g’s parent,
so that
g(n) =Y f(d)
dln
Show that for all primes p and for all positive integers k,

f@0") =9®") — g

11. Suppose that f(n) =n and let g be defined by
n
g(n) = a(d)f (%)

a. Tabulate g.
b. Is g multiplicative?
c. Investigate g’s parent and kid.

12. Suppose that f and h are multiplicative functions. let g
be defined by

gm) =Y f(@h (%)

din
Show that ¢ is multiplicative.

13. Suppose that v is a multiplicative function so that

n= Zf(d)u (g)

din
Find formula for .

14. Suppose that w is a multiplicative function so that

1 ifn=1
Zw(S):{o itn#1
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Find formula for w.

15. Let a(n) be defined in this curious way:

a(n) = the number of factors of n of the form 4n + 1—
the number of factors of n of the form 4n — 1

Tabulate a.

Is a multiplicative?

Is a(n) ever negative?

Find formulas for a’s parent and kid.

Lo gep

16. Let ¢(n) be defined in this curious way:

1 if n = a® + b* for integers a and b
c(n) = .
0 otherwise

a. Tabulate c.
b. Is ¢ multiplicative?
c. Find formulas for ¢’s parent and kid.

17. Let x(n) is defined by

1 ifn=1 (mod4)
x(n)=4¢ -1 ifn=-1 (mod 4)
0 if n is even

a. Tabulate y.
b. Is x multiplicative?
c. Find formulas for x’s parent and kid.

18. Let s(n) is defined by

s(n) = the number of different ways that n can be written as a® + b* for integers a and b
H
a. Tabulate s. You decide what “differ-
b. Is s multiplicative? ent’ means.
c. Find formulas for s’s parent and kid.

19. Let u be the function from problem 13. If f is a multi-
plicative function and g is the child of f, show that

fm) =gty (%)

din

4 Printed 7/9/2009 (©2009 Education Development Center, Inc.



More Neat Stuff

Extra stuff to keep you cool in the summer and warm in the winter

More Good Stuff

20. More fun calculations:
a. (1+5)(1+4)

C.
1 1 1
I+ —+—+—)(1+=
d.
LI T
2z 4r 8% 3 9
e.

LIRS I Y R S
20 ' 4z T ge 30 ' 9r | 27e 50 0 250 | 1250

fil RN
k 9z gz | Qx
— (27) 2 4 8
b. N
z:l—ﬂ+1+1+1+
ok 3z gz | 97z |
= (37) 3= 9r T 27
The Riemann zeta function ((s) is the formal series: —
Why s instead of x?
e 1 1 1 1 1 Riemann used s, and the
= - = ... . convention stuck.
¢(s) T + 95 + 35 +-- 55 +

22. Show that

1 1 1
C(S)—<1+§+E+§+...)~

111
I+ —+—+—+... |

35 98 278
1t by 1y
55 255 1255
1 1 1
= I] (1+=+5+5+-
P a prime p p p
1
- H 1— L
P a prime p®
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23. Suppose f is a multiplicative function and suppose ¢ is

defined by . .
) ffs) =S 97(;1)

n=1

Show that

g(n) =Y _ f(d)
din
24. Find a function w so that

o> M

n=1
25. Find a function d so that
= d(n
S _ (s

ns
n=1

I~

26. Find a function g so that

S I ) cs - 1)

27. Find a function g so that

28. Show that -
21/(n) B <(8)2

s ((29)

where v(n) is number of distinct prime divisors of n.

n=1

29. Remember the function y?

1 ifn=1 (mod 4)
x(n)=<¢ —1 ifn=3 (mod 4)
0 if n is even

Find a formula (or some other precise description) for the
function b defined by

C)BEEDIEE

n=1

6 Printed 7/9/2009  (©2009 Education Development Center, Inc.



Extra stuff to keep you cool in the summer and warm in the winter More Neat Stuﬁ

30. If each sum converges, find its value (in terms of known
functions). If it doesn’t converge, prove it.

a. - M
> :’ o(n)
S
Z;Cb?i?;)
¢ >, $(n)
S
;ﬁgg)
f.

WK
:@%

3
Il
—

31. Use a high-powered CAS to investigate the values of { at —
int Yes, ( is, for us, a formal
INLEgers, series, but it converges for
some values of s.

And There’s More . . .

Let s,(n) be the number of ways you can write n as a sum of k
squares. Let tx(n) be the number of ways you can write n as a
sum of k triangular numbers. Let g(n) be the number of ways
you can write n as % — zy + y2. And let dj,,,(n) be the number
of positive divisors of n that are congruent to k£ mod m.

Here are some things to investigate:

32.

s2(n) =4 (dya(n) — dsa(n)) =4 x(d)
dln

33. .
san) =4 Y (=1)7

d|n,d odd
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34.

35.

36.

sq(n) =8 Z d

tg(n) = d1,4(4n + 17’L) — d374(4n + 1)

g(n) =6 (di3(n) — da3(n))
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