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2007.6 For the Love of the Game

Game of the Day: “Shell Game”

In the Shell Game, a prize ball is placed under one of four shells. The player Once, the player acciden-
tally looked under the
shell instead of placing
the marker. The prize
ball wasn’t there. They
placed the marker there
anyway . . . brilliant!

is asked four true-false questions: for each one they get right, they get to
place a marker next to any of the four shells. If they place a marker next
to the prize ball, they win.

1. (a) Assuming that the true-false questions are all answered with 50-
50 likelihood, what is the probability that the player answers all
four questions right (and automatically wins)?

(b) Find the probability that the player gets 0 right, 1 right, 2 right,
3 right, 4 right.

(c) Use expected value to find the probability that the player wins
the Shell Game. For example, if the player gets 3 true-false
questions right, they will then have a 3

4
chance of winning the

game. Mmm, symmetry.

Important Stuff.

2. If you have not yet done problem 7 from yesterday, do so
now. Either way, use the calculator to find nCr(4,k) for
each k from 0 to 4; also find the value of

(
10
3

)
and

(
10
7

)
. Shouldn’t we have said

“values” here?
3. There are 16 trains of length 5. Lars, apparently imper-

sonating Butch Cassidy, steals one of the trains at ran- Or David Cassidy, we forget
which. Come on, get happy!dom. What is the probability that the train he stole was

made from exactly 3 rods?

4. Flip four coins. What is the probability of getting exactly
two heads?

5. Herb stands at the corner of Center St and Main in
beautiful downtown Logan, Utah. Assume for the sake
of this problem that Logan is a grid of streets (pretty
close, actually). Center goes east-west, while Main goes
north-south.

Herb flips a coin. If he flips heads, he goes east one full
block on Center. If he flips tails, he goes west one full
block. Then he flips again.

(a) After two flips, where could Herb be and with what
probability?
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(b) After three flips, where could Herb be and with what
probability?

(c) After four flips? Five?
(d) Find the probability that Herb is back at the corner

of Center and Main after ten flips. You’ll probably
want to use that nCr thing for this.

6. Quick calculator skill today: to get a fraction to appear in
the entry window of the calculator, hit ctrl (the blue but-
ton) then the division key. Then you can type whatever
you want in the numerator and denominator.

Use the calculators to expand this expression: The other templates were
found with ctrl then the
multiplication key. Look
back to Session 4 for
instructions on how to
expand stuff; but keep in
mind you can type out
the word expand like a
function.

(
x +

1

x

)4

Any thoughts? What about the 10th power?

7. What’s the probability that a randomly chosen positive
integer is

(a) divisible by 3?
(b) divisible by 5?
(c) not divisible by 3?
(d) not divisible by 3 or 5?
(e) not divisible by either 3 or 5?
(f) divisible by either 3 or 5?

8. Pick two positive integers at random, and call them m
and n.

(a) What is the probability that m is even? What is the
probability that both m and n are even?

(b) What is the probability that m and n do not share
a common factor of 2? You can use the result from
part (a) to solve this.

(c) What is the probability that m and n do not share a
common factor of 3? What’s the chance that

they do share the factor?
(d) What is the probability that m and n do not share a

common factor of 5?
(e) What is the probability that m and n do not share

any of the common factors 2, 3, or 5?

24 I guess it really is “Price is Right” week.



Spatula for sale cheap! $1 obo. 2007.6 For the Love of the Game

Neat Stuff.

9. This table gives the number of elements for the Farey
sequence of order n. The third column gives the difference
between consecutive terms. The notation |Fn| just

means the number of
elements in Fn. As an
example of how ∆ works,
look at 19, 23, and the
4. Either 23 − 19 = 4, or
19 + 4 = 23. When you go
from F7 to F8, four terms
get added for a new total
of 23. Hm, this table must
be useful if it’s taking up
half a page . . .

n |Fn| ∆

1 2 1

2 3 2

3 5 2

4 7 4

5 11 2

6 13 6

7 19 4

8 23 6

9 29 4

10 33

11

12

13

14

15

Continue this table to F15 by considering how many So, what would this look
like as a graph?elements get added to the Farey sequence each time.

10. So, there are 16 trains of length 5 and 16 ways to flip 4
coins. Can you think of a way to match them up? It would
be something like “this coin flip corresponds to this train”. This is usually called a one-

to-one correspondence and
is a typical solution method
in counting problems.

11. Using your correspondence from problem 10, what train
is represented by this sequence of heads and tails?

HHTTTTHTHHHHH

Note there may be more than one correct answer here
since it depends on the correspondence used.

12. In yesterday’s Cross-Program Activity, an interview pro-
cess was mentioned. Candidates come in, and you must
decide to accept them immediately or reject them for-
ever. The goal is to have the best chance of finding the
one best candidate among the group. One strategy is to
reject the first n candidates out of hand, then accept the
next candidate that is better than anyone seen so far.

Another application of
this process is finding a
good parking space: you
might pass up the first few
spaces you find expecting
to see a better one later,
or take a spot only to find
a closer one you could’ve
had. Could also apply to
relationships . . .
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Suppose there are 5 candidates to be seen.

(a) Oscar decids to accept the first candidate. What
is the probability that Oscar gets the best possible
candidate?

(b) Judy decides to reject the first candidate, then take
the next one that beats everyone so far . What is the
probability that Judy gets the best candidate this
way?

(c) Same question, but Allen throws out the first two
candidates before looking for the best of the rest.

With technology you might consider expanding the prob-
lem to larger groups . . .

13. On average, how far is it from one prime number to the
next? How would you go about measuring such a thing?

14. Today’s Game of the Day is a little simplified, since the
player usually does better than 50-50 on the true-false
questions in Shell Game.

(a) Suppose the player gets a true-false question right
with probability p = 0.75. What is the chance that
they win the Shell Game?

(b) Find a formula, in terms of p, for the probability that
the player wins the Shell Game if they get questions
right with probability p. Check that the formula gives
the right answers for p = 0, p = 0.5, p = 1.

Tough Stuff.

15. Take the harmonic series and remove all the terms with
the number 1 in their denominators: Sadly this means the

fraction 1
231

is missing.

1

2
+

1

3
+ · · · + 1

9
+

1

20
+

1

22
+

1

23
+ · · ·

The normal harmonic series diverges (gets larger with no
maximum). So, what about this one?

16. Take the harmonic series but consider only terms with
prime denominators:

1

2
+

1

3
+

1

5
+

1

7
+

1

11
+ · · ·

Does this sum converge? If so, to what? If not, can you
prove it?

26 I guess it really is “Price is Right” week.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


