The a, b Game

Imagine a language which has only two letters, a and b.  You make words in this language by stringing together a’s and b’s.

One way to make new words is to take an existing word and replace each a or b by a particular string of a’s and b’s according to two rules.

Rule1
Every b is replaced by a in the next generation.

Rule 2
Every a is replaced by ab in the next generation.

Example
To se what the word abbaba becomes in the next generation, take it letter by letter.  The initial a becomes ab.  The next letter, b, becomes ab and so on, letter by letter.  The word abbaba  becomes abaaabaab in the next generation.

Questions
1. Starting with the single letter word b write the next seven generations.  Your last word should contain twenty-one letters.

2. Make a note of the total number of a’s and b’s and the total number of letters in each word.  Have you seen these numbers before?
3. Do you see a relationship between any of the words you generated (except the first two) and the two immediately preceding words?  Where have you seen this phenomenon before?
4. Do you see any repeating patterns among the a’s and b’s?  You may need to generate some more words using the shortcut you found in Question 3.

5. Can you confirm the following conjecture: Pick any sequence of four consecutive a’s and b’s.  You will find an exact replica of this sequence no more than eight characters later.  
The phenomenon you will have noticed in Question 5 is called quasi-periodicity.  There is not true repeating pattern, but every sequence of any length will be found by traveling no more than twice the length of the sequence in either direction.

The connection with the Fibonnacci numbers is no coincidence.  Remember that in Fibonnaci’s original problem each baby (b) became an adult (a) in the next month and each adult(a) was counted as an adult and a baby (ab) in the next month.  This motivates the rules for replacing b by a and a by ab.
