Geometry on the Surface of a Cube

To help you keep track of the movements of the turtle on the cube you should put together a jacket of squared paper to cover the cube.  I suggest that you do not tape the jacket to the cube.  The turtle will want to take off the jacket when it gets too hot.
1. As long as the turtle is confined to the interior of a single face, it moves just as if it were on a piece of the plane.  What does the turtle do if it walks in a straight line and comes to an edge of the cube at a point that is not a vertex?

2. Suppose Jack Turtle and Jill Turtle are heading up the hill to fetch a pail of water (except that Cubeland is very flat).  The hill is actually a vertex and they walk close to each other on parallel paths in such a way that Jack’s path will take him slightly to the left of the vertex and Jill’s path will take her slightly to the right of the vertex.  In which direction will they head once they have passed the vertex (which will be between them)?  Now you know why turtle mothers always tell their babies never to go through a vertex.  From now on we will studiously avoid the eight vertices.

3. Describe the path of a turtle who walks in a straight line in such a way as to cross the nearest edge at right angles.  Will he go on for ever and never come back to its starting point?  Will it pass through its starting point?

4. Pick any square on you jacket and imagine that the origin (0, 0) is in the bottom left hand corner.  Suppose the turtle starts at (0, 1) and walks in a straight line with slope 2.  Describe the turtle’s path.
5. Repeat Question 5 but in this case the turtle starts at (0, 1) and heads with slope 3.  Is its path essentially different from the path with slope 2?
6. In what ways have the turtle’s paths in Questions 4 and 5 been different from a turtle’s path in the plane?

7. Can a straight line on a cube intersect itself?

8. Is a straight line on a cube finite or infinite?  Assume that a path ends if the turtle returns to its starting point facing in the same direction in which it started.

9. Given a line l and a point P not on the line, is there a unique line parallel to l that passes through P?  Does your answer depend on the relative location of P and l?
10. Can two distinct lines intersect in more than one point?  Must two distinct  lines intersect in more than one point?
11. If a turtle walks around a triangular path, through how many degrees will it have turned?  Is your answer true for every triangular path on the cube?  Does your answer depend on the number of vertices in the interior of the path?

12. What is the sum of the interior angles of a triangle on the surface of the cube? Is your answer true for every triangle on the cube? 

13. If the turtle walks round a closed path carrying a large arrow which is always pointing in the same direction (ie not turning when the turtle turns at the corners), in which direction will the arrow be facing when the turtle returns to its starting point?  Does your answer depend on the number of vertices in the interior of the path?

14. Our turtle walks along a path that is a constant distance d from a vertex.   Distance d is less than the edge length of the cube.  What is the area of this circle?  What is the ratio of the area of the circle to its radius?  What is the ratio of the length of the circumference to its radius?
